
ATPESC Numerical Software Track

Numerical Optimization
Using PETSc/TAO

Presented to 
ATPESC 2021 Participants

Alp Dener
Mathematics and Computer Science Division
Argonne National Laboratory

08/10/2021



ATPESC 2021, August 1 - 13, 20212

What is optimization?

• Optimization variables 𝑝 ∈ ℝ!

! "#$#%&'()*+,-.&/(*+010(*23&4,-,5"1"-23&$"(5"1-.

• Objective function 𝑓: ℝ! → ℝ
! "#$#%&60713&+-,$3&5,8&21-"223&1(1,6&"*"-$.3&"--(-&*(-523&"1/#

minimize
p

f (p)
<latexit sha1_base64="MetxMs3CmLkjgHxDqD5ro9CMW6c=">AAACK3icbVC7TsMwFHV4vykwslhUIFiqpCDBiGBhBIkCUlNVjnPTWthOsG8QJco38CWMrPARTCBWJn4Ct3TgdSRLR+ecq+t7okwKi77/4o2Mjo1PTE5Nz8zOzS8sVpaWz2yaGw4NnsrUXETMghQaGihQwkVmgKlIwnl0edj3z6/BWJHqU+xl0FKso0UiOEMntStbYa5j5wMWWVmECDdYKKGFErdQljS8yllMN5LNbKtdqfo1fwD6lwRDUiVDHLcrH2Gc8lyBRi6Ztc3Az7BVMIOCSyhnwtxCxvgl60DTUc0U2FYxOKmk606JaZIa9zTSgfp9omDK2p6KXFIx7NrfXl/8z2vmmOy1CqGzHEHzr0VJLimmtN8PjYUBjrLnCONGuL9S3mWGcXQt/dwiO6kLdFXdHePaCX538Zec1WvBdq1+slPdPxj2NEVWyRrZJAHZJfvkiByTBuHkjjyQR/Lk3XvP3qv39hUd8YYzK+QHvPdPnvWo6Q==</latexit>
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What is optimization?

9 :0546070/,10(*%&! "#$02&50*050;"+&<="-"&%! ! # & '

9 Gradient-free: >")-0210/&2",-/=&1=-()$=&# 24,/"
! ?,2.&1(&)2"3&*(&2"*2010@01.&,*,6.202&-"A)0-"+

9 Gradient-based: B0*+&2",-/=&+0-"/10(*2&',2"+&(*&%! !

! C(*@"-$"2&1(&6(/,6&50*05,&<01=&20$*070/,*16.&7"<"-&7)*/10(*&"@,6),10(*2&1=,*&
$-,+0"*1D7-""&5"1=(+2

minimize
p

f (p)
<latexit sha1_base64="MetxMs3CmLkjgHxDqD5ro9CMW6c=">AAACK3icbVC7TsMwFHV4vykwslhUIFiqpCDBiGBhBIkCUlNVjnPTWthOsG8QJco38CWMrPARTCBWJn4Ct3TgdSRLR+ecq+t7okwKi77/4o2Mjo1PTE5Nz8zOzS8sVpaWz2yaGw4NnsrUXETMghQaGihQwkVmgKlIwnl0edj3z6/BWJHqU+xl0FKso0UiOEMntStbYa5j5wMWWVmECDdYKKGFErdQljS8yllMN5LNbKtdqfo1fwD6lwRDUiVDHLcrH2Gc8lyBRi6Ztc3Az7BVMIOCSyhnwtxCxvgl60DTUc0U2FYxOKmk606JaZIa9zTSgfp9omDK2p6KXFIx7NrfXl/8z2vmmOy1CqGzHEHzr0VJLimmtN8PjYUBjrLnCONGuL9S3mWGcXQt/dwiO6kLdFXdHePaCX538Zec1WvBdq1+slPdPxj2NEVWyRrZJAHZJfvkiByTBuHkjjyQR/Lk3XvP3qv39hUd8YYzK+QHvPdPnvWo6Q==</latexit>
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Why do we care?
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Why do we care?
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Why do we care?
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Outline

• Introduction to Gradient-Based Optimization
– Sequential Quadratic Programming
– Sensitivity Analysis

• Introduction to TAO
– Sample main program
– User/problem callback function

• Hands-on Examples: Rosenbrock Equation
! " #$%&'()%*(+,-.(/*()01+%('$

! 2.,0%$%&'()%*(+,-.(/*()01+%('$

! " #$%&'()%*(+,-3%04-5'('1+,-/*()01+%(0)
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Intro to Numerical Optimization

9 I41050;,10(*&@,-0,'6"2&# ( ) "

9 I'J"/10@"&7)*/10(*&! *) " + )

9 K(/,6&50*05,&<="-"&$-,+0"*1&02&;"-(&L(4105,601.&/(*+010(*M

9 I4105,601.&/(*+010(*&02&necessary ')1&*(1&2)770/0"*1
! I1="-&21,10(*,-.&4(0*12&L"#$#3&5,805)52M&,62(&2,1027.&%! ! "#$& '

minimize
p

f (p)

<latexit sha1_base64="UGNHqA734iqt4ZOQXc8meuilbg8=">AAACKnicbVDLSgMxFM34rPVVdekmWIS6KTMiqDvRjcsKVgudUjLpbRtMMmNyR6zD/IJf4tKtfoQ7cevOnzCtXdjqgcDhnHs5uSdKpLDo++/ezOzc/MJiYam4vLK6tl7a2LyycWo41HksY9OImAUpNNRRoIRGYoCpSMJ1dHM29K/vwFgR60scJNBSrKdFV3CGTmqXKmGqO84HzJI8CxHuMVNCCyUeIM9peJuyDu1Wkr12qexX/RHoXxKMSZmMUWuXvsJOzFMFGrlk1jYDP8FWxgwKLiEvhqmFhPEb1oOmo5opsK1sdFFOd53icmPjnkY6Un9vZExZO1CRm1QM+3baG4r/ec0Uu0etTOgkRdD8J6ibSooxHdZDO8IARzlwhHEj3F8p7zPDOLqSJlNkL3YDfbXvjnHtBNNd/CVX+9XgoHp8cVA+OR33VCDbZIdUSEAOyQk5JzVSJ5w8kmfyQl69J+/Ne/c+fkZnvPHOFpmA9/kNL0+owQ==</latexit>
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Sequential Quadratic Programming

9 N"46,/"&(-0$0*,6&4-('6"5&<01=&,&2"A)"*/"&(7&A),+-,10/&2)'4-('6"52

! :(6)10(*&$0@"*&'.&, & - . #
$ %/ 01

9 K0*"&2",-/=&5,0*1,0*2&/(*2021"*/.&'"1<""*&6(/,6&A),+-,10/&5(+"6&,*+&$6(',6&
*(*60*",-&7)*/10(*&L$6(',60;,10(*M
! O@(0+2&)*+"20-,'6"&21,10(*,-.&4(0*12

for k=0,1,2,. . . do
min

d
f k + dT gk + 0 .5dT Hk d

min
!

! (! ) = f (pk + ! d)

pk+1 ! pk + ! d
end for

<latexit sha1_base64="VF3VcGrY/4zNnEQI6yXxtrIZfms="></latexit>

9 :(6)10(*&,1&1&' 01"-,10(*&##
9 P-,+0"*1&/ # & %! ! ##

9 >"220,*&. # & %!!
( ! ##

9 :",-/=&+0-"/10(*&, ( ) "

9 :1"4&6"*$1=&2
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Sequential Quadratic Programming

9 Q077"-"*1&,44-(805,10(*2&1(&2",-/=&+0-"/10(*&.0"6+&+077"-"*1&,6$(-01=52

! Newton’s method: , & - . #
$ %/ #3&*(&,44-(805,10(*

! Quasi-Newton: , & - 3#/ # <01=&3# 4 . #
$ %',2"+&(*& 1="&2"/,*1&/(*+010(*

! Conjugate Gradient: , # & - / # 5 6#, #$ %<01=&6 +"70*0*$&+077"-"*1&CP&)4+,1"2
! Gradient Descent: , & - / #3&-"46,/"&>"220,*&<01=&0+"*101.

for k=0,1,2,. . . do
min

d
f k + dT gk + 0 .5dT Hk d

min
!

! (! ) = f (pk + ! d)

pk+1 ! pk + ! d
end for

<latexit sha1_base64="VF3VcGrY/4zNnEQI6yXxtrIZfms="></latexit>

9 :(6)10(*&,1&1&' 01"-,10(*&##
9 P-,+0"*1&/ # & %! ! ##

9 >"220,*&. # & %!!
( ! ##

9 :",-/=&+0-"/10(*&, ( ) "

9 :1"4&6"*$1=&2
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PDE-Constrained Optimization

minimize
p,u

f (p, u)

subject to R(p, u) = 0

<latexit sha1_base64="3P9Hqe0DfXPfSrltCCKFDaTXIRo="></latexit>

minimize
p

f (p, u(p))

<latexit sha1_base64="cKuPcjaQCetMe6g73xAgTejQN3Q="></latexit>

Full-Space Formulation
9 :1,1"&@,-0,'6"2&7 ( ) )

9 :1,1"&"A),10(*2&8*) " * ) + ) )

Reduced-Space Formulation
9 :1,1"&@,-0,'6"2&,-"&05460/01&

7)*/10(*2&(7&4,-,5"1"-2

9 N"+)/"+ D24,/"&7(-5)6,10(*&"*,'6"2&)2"&(7&/(*@"*10(*,6&)*/(*21-,0*"+&
(41050;,10(*&,6$(-01=52&1(&2(6@"&RQ?D/(*21-,0*"+&4-('6"52

9 ?,/=&-"+)/"+ D24,/"&7)*/10(*&"@,6),10(*&-"A)0-"2&,&7)66&RQ?&2(6)10(*

9 :""&OSR?:C&TUVW&6"22(*&7(-&5(-"&+"1,062
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Toolkit for Advanced Optimization
• General-purpose continuous optimization toolbox for large-

scale problems
– Parallel (via PETSc data structures)
– Gradient-based
– Bound-constrained 
– Nonlinear/general constraint support under development
– PDE-constrained problems w/ reduced-space formulation

• Distributed with PETSc (https://petsc.org)

• Similar packages:
– Rapid Optimization Library (https://trilinos.github.io/rol.html)
– HiOP (https://github.com/LLNL/hiop)

Vec

KSP

SNES

TS

Mat

PC

DM

TAO

PETSc

https://petsc.org/
https://trilinos.github.io/rol.html
https://github.com/LLNL/hiop
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TAO: The Basics

9 :,546"&5,0*&4-($-,5
AppCtx user; 
Tao tao ; 
Vec P; 

PetscInitialize ( & argc , & argv ,( char *) 0,help ); 
VecCreateMPI (PETSC_COMM_WORLD, user.n , user.N , &P); 
VecSet (P, 0.0 ); 

TaoCreate (PETSC_COMM_WORLD, &tao );
TaoSetType ( tao , TAOBQNLS); /* bound - constrained quasi - Newton */
TaoSetInitialVector ( tao , P); 
TaoSetObjectiveRoutine ( tao , FormFunction , &user);
TaoSetGradientRoutine ( tao , FormGradient , &user);  
TaoSetFromOptions ( tao ); 
TaoSolve ( tao ); 

VecDestroy (&P); 
TaoDestroy (& tao ); 
PetscFinalize ();
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AppCtx user; 
Tao tao ; 
Vec P; 

PetscInitialize ( & argc , & argv ,( char *) 0,help ); 
VecCreateMPI (PETSC_COMM_WORLD, user.n , user.N , &P); 
VecSet (P, 0.0 ); 

TaoCreate (PETSC_COMM_WORLD, &tao );
TaoSetType ( tao , TAOBQNLS); /* bound - constrained quasi - Newton */
TaoSetInitialVector ( tao , P );
TaoSetObjectiveRoutine ( tao , FormFunction , &user);
TaoSetGradientRoutine ( tao , FormGradient , &user);  
TaoSetFromOptions ( tao ); 
TaoSolve ( tao ); 

VecDestroy (&P); 
TaoDestroy (& tao ); 
PetscFinalize ();

TAO: The Basics

9 X2"-&4-(@0+"2&7)*/10(*&7(-&4-('6"5&0546"5"*1,10(*
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TAO: User Function

9 X2"-&7)*/10(*2&/(54)1"&('J"/10@"&,*+&$-,+0"*1

PetscErrorCode FormFunction ( Tao tao , Vec P, PetscReal * fcn , void * ptr ) 
{ 

AppCtx *user = ( AppCtx *) ptr ; 
const PetscScalar *pp;

VecGetArrayRead (P, &pp);

/* USER TASK: Compute objective function and store in fcn */

VecRestoreArrayRead (P, &pp);

return 0; 
}

PetscErrorCode FormGradient ( Tao tao , Vec P, Vec G, void * ptr ) 
{ 

AppCtx *user = ( AppCtx *) ptr ; 
const PetscScalar *pp; 
PetscScalar *gg; 

VecGetArrayRead (P, &pp); 
VecGetArray (G, &gg); 

/* USER TASK: Compute compute gradient and store in gg */

VecRestoreArrayRead (P, &pp); 
VecRestoreArray (G, &gg);

return 0; 
}

typedef struct { 
/* user - created context for storing application data */

} AppCtx ; 
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TAO: User Function

9 Objective evaluation:
! C(54)1"& ! "#$ ,1&$0@"*&#

9 Sensitivity analysis:
! C(54)1"& 9 & %! ! ,1&$0@"*&#

9 (ADVANCED) Second-order Methods:
! C(54)1"& . & %!

( ! ,1&$0@"*&#
! X2"&&TaoSetHessian () 0*1"-7,/"

9 (ADVANCED) Constraints:
– Set bound constraints " ! # $ # $"

– Define nonlinear constraints %# $ & ' ( %$ $ ) '
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9 Objective evaluation:
! C(54)1"& ! "#$ ,1&$0@"*&#

9 Sensitivity analysis:
! C(54)1"& 9 & %! ! ,1&$0@"*&#

9 (ADVANCED) Second-order Methods:
! C(54)1"& . & %!

( ! ,1&$0@"*&#
! X2"&&TaoSetHessian () 0*1"-7,/"

9 (ADVANCED) Constraints:
– Set bound constraints " ! # $ # $"

– Define nonlinear constraints %# $ & ' ( %$ $ ) '

TAO: User Function

9 Y"/"22,-.&7(-&$-,+0"*1 D',2"+&
(41050;,10(*&,6$(-01=52

9 S.4"2%
9 Y)5"-0/,6
9 O*,6.10/,6
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Sensitivity Analysis: Numerical Differentiation

! "#$#%&' (#))&*&$+&,-&%./(,#0,&102,%/,#-34&-&$%

5 6$42,*&78#*&0,)8$+%#/$,&91481%#/$0

! :$&))#+#&$%,)/*,41*;&,$8-<&*0,/),/3%#-#=1%#/$,91*#1<4&0

! >%&3' 0#=&,(#4&--1,5 %*8$+1%#/$,&**/*,90?,08<%*1+%#9&,+1$+&441%#/$

! @A6,3*/9#(&0,18%/-1%#+,"B,;*1(#&$%,1$(,C&00#1$,&91481%#/$0

Objective+! , - . , -

+ .
/

,

0.
0+!
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Sensitivity Analysis: Analytical Differentiation

! D/-38%1%#/$14,+/0%,#0,E-/0%42F,#$(&3&$(&$%,/),%.&,$8-<&*,/),/3%#-#=1%#/$,91*#1<4&0

! >/-&,3/3841*,AB,%//40G

. 1+2
0.
0+

f(p) 
{É};

df(p) 
{É};

Symbolic 
Differentiation

Algorithmic 
Differentiation

! !"#$%&'( 5.1$( ' (&*#9&(,;*1(#&$%,H#%.,
(#*&+%,+/(&,#-34&-&$%1%#/$

! )&*%+',-#'( 5 0/8*+&,+/(&,
%*1$0)/*-1%#/$,/*,/3&*1%/*,/9&*4/1(#$;,
9#1,AB,%//4I4#<*1*2,E#?&?J,+.1#$,*84&KF

- ADIC (ANSI C)
- ADIFOR (Fortran77/Fortran95)
- OpenAD (Fortran77/Fortran95/C/C++)

- Sacado (C/C++)
- ForwardDiff.jl (Julia)
- JAX (Python)



ATPESC 2021, August 1 - 13, 202120

TAO: Bound Constraints

9 E=,1&07&<"&<,*1"+&1(&-"21-0/1&1="&2(6)10(*&@,-0,'6"2Z

VecDuplicate (X, &XL);
VecSet (XL, PETSC_NINFINITY);
VecDuplicate (X, &XU);
VecSet (XU, 0. 0);
TaoSetVariableBounds ( tao , XL, XU);

9 [)21&)2"&'()*+ D/(*21-,0*"+&SOI&,6$(-01=52
– TAOBNLS: Bounded Newton Line-Search
– TAOBNTR: Bounded Newton Trust Region
– TAOBQNLS: Bounded quasi-Newton Line-Search
– TAOBNCG: Bounded Nonlinear Conjugate Gradient

<latexit sha1_base64="T5yupd0vRhbXZPI8o4wV2TDYhwY="></latexit>

minimize
x

f (x)

subject to xl ! x ! xu
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TAO: General Nonlinear Constraints
9 \*/(-4(-,1"&,66&/(*21-,0*1&1.4"2

• Must use TAOALMMsolver
– Augmented Lagrangian method w/ interior-point formulation for inequality constraints 

• Define constraints with user call-backs
! FormEqualityConstraints ( Tao,Vec,Vec,void *) ! TaoSetEqualityConstraintsRoutine ()

! FormEqualityJacobian ( Tao,Vec,Mat,Mat,void *) ! TaoSetJacobianEqualityRoutine ()

! FormInequalityConstraints ( Tao,Vec,Vec,void *) ! TaoSetInequalityConstraintsRoutine ()

! FormInequalityJacobian ( Tao,Vec,Mat,Mat,void *) ! TaoSetJacobianInequalityRoutine ()

<latexit sha1_base64="lpDAj4ZDCE0tsA68TLIsMSD18RQ="></latexit>

minimize
x

f (x)

subject to ce(x) = 0

ci (x) ! 0

xl " x " xu
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Hands-on Example: 2-dimensional Rosenbrock

minimize
p

f (p) = (1 ! p1)2 + 100(p2 ! p2
1)2

<latexit sha1_base64="WfU5atisk3eilhXDMVuoPJhpkRY="></latexit>

• Global minimum at $ & *+(+,

• Also called the “banana function”

• Canonical test problem for optimization algorithms

• Easy to find the valley, difficult to traverse it towards 
the solution
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Hands-on Example: Multidimensional Rosenbrock

• Global minimum at $$ & +(- . & +(/ (0 (1

• Implementation supports parallel runs and provides analytical gradient and sparse Hessian
! Simulation-based / HPC apps. would use algorithmic differentiation

• TAO can compute sensitivities via finite-differencing when analytical derivatives are not available
! Convenient for prototyping or debugging
! Computationally expensive for large optimization problems or expensive objectives

• Hands-on Activities: 

https://xsdk-project.github.io/MathPackagesTraining2021/lessons/numerical_optimization_tao/

minimize
p

f (p) =
N ! 1!

i =1

(1 ! pi )2 + 100(pi +1 ! p2
i )2

<latexit sha1_base64="4aoIWIuiF60SrOXd/wVU9Zhk4B4="></latexit>

https://xsdk-project.github.io/MathPackagesTraining2021/lessons/numerical_optimization_tao/
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Hands-on Example: 2D Rosenbrock w/ Constraints

• Bound-constrained global minimum at 2 ' (' & +

• Equality-constraints have two local minima
• 2 3 ' 45/ (' 467 & / 45/
• 2 +45/ (/ 45/ & ' 467

• Combined constraints yield global minimum at 
2 3 ' 45/ (' 467 & / 45/

• Constraints are not valid for the multidimensional 
Rosenbrock problem

<latexit sha1_base64="tLUGDL+m0wtccDbfIAy9QAqW+xE="></latexit>

minimize
p

f (p) = (1 ! p1)2 + 100(p2 ! p2
1)2

subject to (p1 ! 1)2 + p2 ! 3 = 0

p1 " 0

p2 # 0
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Take Away Messages
! LM@>+I@A6,/))&*0,31*144&4,/3%#-#=1%#/$,14;/*#%.-0,)/*,41*;&' 0+14&,3*/<4&-0?

! M))#+#&$%,;*1(#&$%0,1*&,$&&(&(,)/*,<&0%,*&084%0,E&?;?J,14;/*#%.-#+,(#))&*&$%#1%#/$FJ,1$(,
0&+/$( ' /*(&*, -&%./(0,(/$N%,14H120,1+.#&9&,)10%&*I<&%%&*,0/48%#/$0?

! LM@>+I@A6,+1$,18%/-1%#+1442,+/-38%&,;*1(#&$%0,9#1,)#$#%&,(#))&*&$+#$;?

! LM@>+I@A6,+1$,#$+/*3/*1%&,</8$(J,&7814#%2,1$(,#$&7814#%2,+/$0%*1#$%0,#$%/,%.&,0/48%#/$?

! O/0%,0+#&$%#)#+,3*/<4&-0,1*&,$/$4#$&1*,1$(,$/$+/$9&P???,0%1*%#$;,3/#$%,-1%%&*0K
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